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Abstract-A-matroids are set systems which arise, e.g., in the study of greedy algorithms. Similarly 
to matroids, they can be characterized by some exchange axiom, namely A. Bouchet’s “symmetric 
exchange axiom.” In this note, it is shown that the subclass of “even” A-matroids-that is, those 
A-matroids for which the cardinalities of all feasible sets have the same parity-oincides precisely 
with the class of those A-matroids for which either one of two possible forms of a “strong symmetric 
exchange axiom” holds true. This class includes, in particular, all examples which come-via skew- 
symmetric matrices-from symplectic geometry. 
In 1986, A. Dress and T. Have1 introduced the concept of a metroid (cf. [l]), while in 1987, 
A. Bouchet introduced the essential equivalent (cf. [2]) concept of a A-matroid in [3]. He proved 
(cf. [3, (2.3), S ec ion 61) that A-matroids are characterized by the fact that certain combina- t 
torial optimization problems can be solved by an appropriately specified “greedy algorithm.” 
An analogous result for matroids had been established much earlier in [4]; see also [5] and [6,7] 
for further results in this direction. In the present note, I want to characterize a specific class 
of A-matroids-the so-called “even A-matroids”-in terms of a strong exchange axiom. Even 
A-matroids have already been studied in [8] in connection with matchings in graphs. 
DEFINITION 1. (cf. also [3, Section 6; 8, Section 41) Assume E is some finite set. 
(i) For 0 # 3 c P(E), the pair M = (E, 3) is called a A-matroid, if 3 satisfies the following 
symmetric exchange axiom for a set system: 
For FI, F2 E 3 and e E FlAF2 := (FI U F2) \ (FI fl Fz), 
there exists some f E Fi AFz such that Fi A{e, f} E 3. 
(SEAS) 
The subsets in 3 are called the feasible sets of the A-matroid M. 
(ii) A A-matroid M = (E,3) is even, if one has #Fl G #Fz mod 2 for all Fl, FQ E 3. 
(iii) A A-matroid M = (E, 3) satisfies the strong exchange axiom, if for all FI, Fz E 3 and 
e E FiAFz there exists some f E (FiAFz) \ {e} with FiA{e, f} E 3 and FzA{e, f} E 3. 
The main result of this paper is the following. 
THEOREM 1. Assume M = (E, 3) is a A-matroid. Then the following three statements are 
equivalent: 
(i) M is even. 
(ii) ForFi,Fz E 3ande E FiAFz thereexistssome f E (FiAFz)\{e}suchthat FiA{e, f} E 3 
(iii) M satisfies the strong exchange axiom. 
PROOF. (iii) + (ii) is trivial. The theorem follows once it is shown that (i) _ (ii) and that (i) 
and (ii) together imply (iii). (i) =+ (ii) follows directly from the definition of an even A-matroid 
(E, 3), because for Fl E 3 and e E E one cannot have FiA{e} E 3. 
*I wish to thank Andreas Dress for some useful comments concerning an earlier version of this note. 
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(ii) =+ (i): Assume there exist FI, Fz E F with #FI f #Fz mod 2, and suppose d := #(FrAF2) 
is as small as possible. Choose some e E FIAF~. Then by (ii) there exists some f E (FiAF2) \ 
{e} with F{ := FiA{e, f} E 3. But then we have #Fi $ #Fs mod 2 and #(FiAF2) = 
#(FiA{e, f}AFz) = #((FiAFz) \ {e, f]) = d - 2, w ic contradicts the minimality of d. h’ h 
It remains to be shown that (i) and (ii) imply (iii). We proceed by induction on h := i.#(AAB) 
to show that for A, B E 3 and e E AAB there exists some f E (AAB) \ {e} with AA{e, f} E 3 
and BA{e, f} E 3. In case h = 0, there is nothing to prove, while the case h = 1 is trivial. Now 
assume h > 2 and put 
Al := {s E AAB AA{e,s} q! 3}, 
B1 := {s E AAB BA{e,s} $3). 
Note that (i) implies e E AI II BI. We have to prove that AI U B1 # AAB. To this end, we 
distinguish three cases. 
CASE 1: There exist si,ss E Al with AA{si,ss} E 3. 
We have necessarily #{si, sz,e} = 3, and we apply the induction hypothesis to A’ := AA 
(~1~4, B’ := B and e’ := e to conclude that there exists some f’ E (AAB) \ {si, ss, e} = 
(A’AB) \ {e} with A’A{e,f’} E 3 and BA{e,p} E 3. Now an application of (ii) to FT := 
A, F[ := A’A{e, f’} and e” := e yields that there exists some f E (F[AF$) \ {e} = {si, ss, f’} 
with AA{e,f} E 3. Since ~1,s~ E Al, we must have f = f’; thus, we get AA{e,f} E 3 and 
BA{e, f} E 3 as claimed. 
CASE 2: There exist ~1,s~ E BI with BA{si,ss} E 3. 
In this case, one proceeds as in Case 1, exchanging the roles of A and B. 
CASE 3: Neither Case 1 nor Case 2 holds. 
In this case, we begin by proving 
For X c AAB with AAX E 3 one has #(X n AI) 5 #(X \ AI), (*) 
for X C AAB with BAX E 3 one has #(X n BI) 5 #(X \ BI). (**) 
By symmetry it certainly suffices to verify (*). We proceed by induction on #X. The case X = 0 
is trivial, while the case #X = 2 follows from X $ Al as Case 1 does not hold. 
Now assume #X 2 4, and choose some ec E X such that ec E X \ AI if X \ Al # 0. We 
apply condition (ii) to Fi := AAX, Fi := A and e’ := ec to find some f E X \ {ec} with 
AAXA{es,f} E 3. By the induction hypothesis X’ := XA{eo,f} = X \ {ec,f} satisfies 
#(X’ n -41) I #(X’ \ Al). S ince #X’ 2 2 this means in particular 0 # X’ \ A1 C X \ Al and 
thus ee E X \ Al by our choice of ee. Thus, we get indeed 
#(x n Al) 5 #(X’ n Al) + 1 I #(X’ \ Al) + 15 #(X \ Al), 
and (*) is proved. 
It follows that for X := A1 u BI, we cannot have AAX E 3 and BAX E 3, as-in view of 
e E A1 n Br-this would imply 
#Al = #(X n Al) I #(X \ Al) < #BI = #(X n BI) 5 #(X \ &) < #Al. 
Thus, we must have Al U BI # AAB as claimed. I 
REMARKS. 
(9 
(ii) 
(iii) 
In [9, Lemma 5.41, it has been shown already that in any odd A-matroid (E,3) (that is, 
in any A-matroid which is not even) there exist F E 3 and e E E \ F with F U {e} E 3. 
This is of course nothing but a slight reformulation of (ii) + (i). 
Since any ordinary matroid M, considered as a A-matroid with the bases of M as its feasible 
sets, is an even A-matroid, (i) + (iii) recovers the strong exchange axiom for bases in a 
matroid. 
In [2], it has been shown that a set system 3 G P(E) is a metroid if and only if (E, 3) is 
a A-matroid and 0 E 3. Hence, we can reformulate our result as follows: 
&matroids 69 
THEOREM 2. For a metroid A4 = (E, 3) the following three statements are equivalent: 
(i) For all F E 3 one has #F = 0 mod 2. 
(ii) If v E F E 3, then there exists some u E F \ {v} with F \ {u,v} E 3. 
(iii) (E, 3) satisties the strong exchange axiom. 
PROOF. In view of [2], (i) ==s (iii) f 11 o ows from Theorem 1. (iii) + (ii) is obvious, because one 
has 0 E 3. (ii) + (i) follows from the observation that there cannot be a smallest feasible set of 
odd cardinality, if (ii) holds. I 
Examples of even A-matroids: 
(i) For any even A-matroid (E,3) and any subset Eo G E, the pair (E,3AEo) with 
3AE,, := {FAE,, 1 F E 3) 
is also an even A-matroid. 
(ii) Assume K is a field and A = (aij)lli,jln is a skew-symmetric matrix with coefficients in K; 
that is, aij = -aji for all i, j and aii = 0 for any i. Put E := (1, . . . , n} and 
3 := 3(A) := {F c E 1 (aij)i,jEF is nonsingular}, 
where (aij)i,jeo is considered to be nonsingular. Then by [lo, 4.11 the pair M := (E,3) is 
a A-matroid (see also [l]). S ince the determinant of any skew-symmetric matrix with an 
odd number of rows and columns vanishes, it is clear that M is an even A-matroid. It was 
already shown in [ll, Corollary 3.51 by using an identity concerning Pfaffian forms that M 
satisfies the strong exchange axiom. 
(iii) According to [7], a valuated A-matroid M, = (E, v) consists of a finite set E and a map 
v:P(E)-+{-co}uR such that the following axioms hold: 
There exists some F C E with v(F) # --co. (VAl) 
For all FI, FZ C E with v(Fl) # -co # v(F2) and for every (VA2) 
e E FlAF2 there exists some f E (FlAF2) \ {e} with 
v(Fl) + W’2) i v(JiA{e, f}) + v(&A{e, f}). 
By (VA2) and Theorem 1, it is clear that the pair M = (E,v-‘(R)) is an even A-matroid, 
because the strong exchange axiom is trivially satisfied. 
In [12,13], a theory of matroids with coefficients has been established in order to unify the 
theories of regular, binary, ternary, oriented, valuated, etc. matroids. In a forthcoming paper 
(cf. [14]), I want to establish a corresponding theory of A-matroids with coefficients, which will 
encompass the examples given above. It will turn out that A-matroids with coefficients are always 
even. 
Finally, it should be remarked that in [lo, Section 41 it has been shown that for a symmetric 
matrix A = (aij)l<i,j<n with coefficients in some field K and E = (1,. . . , n) the set system 3(A) 
as given in Example (i) defines a A-matroid, too (see also [l]). However, if, say, A := 
then the induced A-matroid (E, 3(A)) with E = {1,2} and 3(A) = (0, {l}, E} does 
the equivalent conditions (i), (ii) and (iii) in the above theorem. 
REFERENCES 
1. A.W.M. Dress and T.F. Havel, Some combinatorial properties of discriminants in metric vector spaces, 
Advances in Mathematics 62, 285-312 (1986). 
2. A. Bouchet, A.W.M. Dress and T.F. Havel, &Matroids and metroids, Advances in Mathematics 91, 136-142 
(1992). 
3. A. Bouchet, Greedy algorithm and symmetric matroids, Mathematical Programming 38, 147-159 (1987). 
4. D. Gale, Optimal assignments in an ordered set: An application of matroid theory, Journal of Combinatorial 
Theory 4, 176-180 (1968). 
5. B. Korte, L. Low& and R. Schrader, Greedoid Theory, Algorithms and Combinatorics 4, Springer Verlag. 
70 W. WENZEL 
6. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
A.W.M. Dress and W. Wenzel, Valuated matroids: A new look at the greedy algorithm, Appl. Math. Lett. 3 
(2), 33-35 (1990). 
A.W.M. Dress and W. Wenzel, A greedy algorithm characterization of valuated A-matroids, Appl. Math. 
Lett. 4 (6), 55-58 (1991). 
A. Bouchet, Matchings and A-matroids, Discrete Applied Mathematics 24, 55-62 (1989). 
A. Bouchet, Maps and A-matroids, Discrete Mathematics 78, 59-71 (1989). 
A. Bouchet, Representability of A-matroids, Colloquia Mathematics Societatis Jdnos Bolyai 52 Combina- 
torics, Eger, Hungary, 167-182 (1987). 
W. Wenzel, PfafFian forms and A-matroids, Discrete Math (to appear). 
A.W.M. Dress, Duality theory for finite and infinite matroids with coefficients, Advances in Mathematics 59, 
97-123 (1986). 
A.W.M. Dress and W. Wenzel, Grassmann-Pliicker relations and matroids with coefficients, Advances in 
Mathematics 86, 68-110 (1991). 
14. W. Wenzel, PfafTian forms and A-matroids with coefficients, (in preparation). 
